Calculations are presented which estimate energies for all the bound rotation-vibration energy levels of H 3 ϩ with rotation angular momentum Jϭ0, 2 and 8. The calculations, which use Radau coordinates with z-axis of the molecule embedded perpendicular to the molecular plane, are performed on 128 nodes of a massively parallel computer. It is found that convergence with respect to basis set size of the higher J states is fairly slow and that further improvements are beyond the capabilities of the current computational set-up.
I. INTRODUCTION
A theoretical analysis of the near dissociation infrared spectrum of H 3 ϩ , initially recorded by Carrington and co-workers 1 in 1983 and characterized experimentally by Carrington's group over the following decade, [2] [3] [4] remains one of the longest running problems in chemical physics. The challenge posed by this spectrum has stimulated many quantum mechanical studies of this system; see Refs. 5-7 for early examples. In particular a number of calculations have been successfully performed which characterize all the vibrational state of H 3 ϩ and, in some cases, the quasi-bound states too. [8] [9] [10] [11] However it is well established that spectra recorded by Carrington and co-workers involve rotationally excited states of H 3 ϩ as the higher, dissociating states are quasibound states trapped by rotational barriers in the system. 12 The study of rotationally excited states of H 3 ϩ at its dissociation limit has received considerably less attention. Calculations involving high-lying rotationally excited states have proved to be difficult for H 3 ϩ . This is undoubtedly a consequence of both the strong Coriolis coupling found in this system and low-lying barrier to linear geometry. We will comment on further on these aspects of the problem below. A number of studies [13] [14] [15] have obtained results for rotationally excited of H 3 ϩ up to about 25 000 cm Ϫ1 or about two-thirds of the way to dissociation. Even at this energy, all these studies showed some problems with convergence. Only two previous quantum mechanical calculations have actually probed rotationally excited states of H 3 ϩ at the dissociation limit. Miller and Tennyson 16 studied the high J limit for the molecule and found that states with rotational quantum number J up to 45 could be bound for the system, in good agreement with semi-classical studies. 17 Conversely, Henderson and Tennyson 18 studied states with Jϭ1 and 2 at dissociation but, despite runs on a mainframe lasting weeks, obtained very poorly converged results. In this work we present a method suitable for studying rotationally excited states of H 3 ϩ at dissociation, and give results for states with Jϭ2 and Jϭ8. These calculations relied on the use of many nodes on a massively parallel computer.
II. METHOD
To calculate rotationally excited states we adapt the twostep procedure of Tennyson and Sutcliffe 19 which was already been successfully used to both calculate rotationally excited states of water at dissociation 20 and rotationally excited quasibound states of HOCl. 21 In this method the fully coupled rotation-vibration problem is solved by first solving a series of Coriolis-decoupled effective vibrational problems which assume the k, the project of J along the body-fixed z-axis, is a conserved quantity. The lowest solutions of these problems are then used as a basis for the fully coupled problem. This method has proved to be very efficient for calculating spectra of molecules with high levels of rotational excitation. 16, 22 Furthermore the method has been parallelized such that, at least for fairly low values J, the computer time used only scales with (Jϩ1) when considering rotational states near dissociation. 20, 23 The efficiency of this two-step method depends on a good choice of the intermediate quantum number k. Most previous studies of H 3 ϩ , e.g., Ref. 24 , used a z-axis which lies in the plane of the molecule. However it is well-known 25, 26 that the appropriate quantization axis for H 3 ϩ is the C axis which lies along the symmetry axis of the molecule and is perpendicular to the plane of the molecule. Following Sarkar et al., 27 we have recently used an axis embedding which places the z-axis perpendicular to the plane of the molecule to perform a high accuracy study of the spectroscopically determined, i.e., low-lying, state of H 3 ϩ . 28 This study showed that this z perpendicular embedding combined with the use of Radau coordinates to represent the vibrational motions had a number of advantages. Besides giving an appropriate intermediate quantization this method proved to be much more robust at treating linear geometries.
For H 3 ϩ the symmetry-related linear saddle points lie at only about one-third of the dissociation energy. In Jacobi coordinates these three saddle points correspond to geometries with ϭ0, ϭ and Rϭ0. It is the third case where the atom-diatom stretching coordinate, R, goes to zero and becomes undefined that causes the problems. 9, 29, 30 Indeed the different rates of convergence for the different symmetries found in Jacobi coordinate studies of high lying rotationally excited states 13, 15 can be directly attributed to difficulties encountered when treating this geometry. In Radau coordinates, except at very high energies, linear geometries can all be defined by considering cases with ϭ0 and ϭ only.
In this work we adapt the program PDVR3D, 23 designed to compute near dissociation states using massively parallel computers, to the z-perpendicular Radau coordinates used by us previously for low-lying states of H 3 ϩ . This new program was run on the 576 processor Cray-T3E machine ͑Turing͒ which is managed as part of the CSAR service at the University of Manchester. It is important to note that this machine has 256 Mb memory on each node and a total wallclock time limit of one day for large jobs.
PDVR3D tackles the vibrational part of the calculation by distributing angular grid points between nodes. Most of the calculations reported here used n ␥ ϭ32 angular grid points spread over 128 nodes, i.e., 4 nodes and hence 1 Gb memory per angular grid point. The angular grid was based on GaussJacobi integration and varied as a function of J and k, which is necessary to ensure the correct behavior at linear geometries. 27 The calculation then follows the following steps:
1. For each k and parity block: ͑a͒ Solve a two-dimensional ͑2D͒ vibrational problem for each angular grid point. ͑b͒ Select N 2 2D solutions as a basis for the 3D vibrational problem. ͑c͒ Construct N 3 ϭn ␥ ϫN 2 dimensional 3D Hamiltonian. ͑d͒ Diagonalize this Hamiltonian using PARPACK. 31 ͑e͒ Store M 3 wave functions, ⌿ k , as amplitudes on each grid point. 2. Use the ⌿ k to construct the off-diagonal in k matrix elements. Write these matrix elements to disk and discard ⌿ i k when no longer needed. 3. Upon completion of the loop over k, read in matrix elements of the full Hamiltonian of size (Jϩ1Ϫ p)ϫM 3 and diagonalize using PEIGS. 32 In practice storing more than M 3 solutions at step 1͑e͒ allows a number of second step calculations to be performed and hence convergence with parameter M 3 to be tested without repeating the more time consuming first step calculation. The radial motions were represented using a grid based on Morse oscillatorlike functions 33 defined, in atomic units, by r e ϭ3.07, D e ϭ0.07 and e ϭ0.0075. A grid of 60 points was used which was found to stretch far enough to give a reasonable representation of the near dissociation functions. These parameters were optimized by performing a series of Jϭ0 calculations which varied the Morse parameters and tested grids of 52, 54, 58 and 64 points. Convergence was established both by self-consistency checks and by comparison with calculations performed in Jacobi coordinates. 34 The calculations presented here were based on the use of N 3 ϭ9984 which is sufficient to converge the energy levels to within about 1 cm Ϫ1 . We were able to perform larger calculations than this for Jϭ0, 34 but the JϾ0 calculations require more local memory. This is due to the need to save wave functions in memory which are used to compute the matrix elements off-diagonal in k. This constraint meant that N 3 ϭ9984 was the largest JϾ0 problem that could be attempted with the present facility.
The size of the final Hamiltonian is determined by the 37 used in most previous studies of states near dissociation, is designed to have the correct shape at the dissociation limit. Calculations using this realistic potential are harder than those using the MBB surface because not only does the new surface support more vibrational states 34 but also many of the new vibrational states are very diffuse meaning that it is necessary to use much more extended radial basis sets. Some preliminary Jϭ0 only results, which compared states for this potential with those for the MBB surface and tested the use of Radau coordinates, were reported previously.
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III. RESULTS
In this study we present results for two values of the rotational quantum number J. We selected Jϭ2 as a low value for which tests could be performed without being too computationally expensive, and Jϭ8 as lying in the J ϭ5 -10 range which is thought to be regime for the zero kinetic energy release near dissociation spectrum. 38 In practice the limit on total CPU time meant that converged first step calculations could not be performed for JϾ8 on the Turing computer. Table I shows convergence of near-dissociation states with Jϭ2, ϩ vibrational parity 27, 28 and pϭ0 rotational parity. Figure 1 similarly shows convergence of selected highlying Jϭ2 levels as a function of M 3 . These results show that the convergence is slow and almost monotonic. For local memory reasons, the calculations with M 3 ϭ2944 were the largest that could be attempted on Turing. These calculations converge the highest Jϭ2 levels to 1 cm Ϫ1 . As is usual in variation calculations, the lower levels display much more rapid convergence.
Table II presents a similar convergence study for the J ϭ8ϩ, pϭ0 levels. In this case the maximum M 3 is 2048 as this was the largest value for which calculations were possible. As the size of the final Hamiltonian scales with Jϩ1 Ϫ p, the Jϭ8 Hamiltonian matrix is three times the dimen- The convergence displayed by the Jϭ8 results is again fairly slow and our largest calculations is only converged to within 10 cm Ϫ1 in the near dissociation region. Actually this number is surprisingly poor as for Jϭ2ϩ, pϭ0 with M 3 ϭ2048 the levels are converged to better than 2 cm Ϫ1 . Previous studies using the two-step procedure have assumed that the convergence obtained using as a function of M 3 does not depend strongly on J. The present calculations suggest that the results for Jϭ8 with M 3 ϭ2048 have a convergence error approximately five times that of the results of Jϭ2 with the same value of M 3 .
Since these are the first calculations to probe the near dissociation region of H 3 ϩ with JϾ2 we wondered whether this slower convergence with increasing J was a property of the near dissociation region. To test this we performed several desktop calculations on the low-lying energy levels which are summarized in Table III . In these calculations we deliberately used small values of M 3 so that the rate of convergence could be assessed. These calculations showed that using M 3 ϭ200 converged the Jϭ8 levels in the region of the barrier to linearity (10 500-12 500 cm Ϫ1 ) on average to 2 cm Ϫ1 whereas for the Jϭ2 level in the same region with M 3 ϭ200 the average convergence error is 0.6 cm Ϫ1 . Thus the convergence of the low-lying levels also shows differential convergence, although the factor between Jϭ2 and J ϭ8 is less than five which we found at dissociation. Such behavior has not been remarked on before. Whether it is a feature of the z-perpendicular embedding or of H 3 ϩ rotational calculations in general is not entirely clear, but the fact that such behavior has not been seen previously suggests that it maybe a feature of the z-perpendicular embedding. Our calculations show that the potential of Polyansky et al. 36 supports at least 684ϩ(even) and 597Ϫ(odd) vibrational states with Jϭ0. 1726 with Jϭ2ϩpϭ0 and 3857 J ϭ8ϩ pϭ0 ͑Table IV͒. Therefore a full study of states up to Jϭ10 will require the calculation of over 100 000 states once all symmetries are included. This is before consideration of the above dissociation quasibound states which provide the upper ͑and at least some lower͒ states in the neardissociation spectrum observed by Carrington and co-workers. [2] [3] [4] It has been remarked on before that H 3 ϩ is a particularly difficult molecule to obtain good convergence for because of the strong intermode and Coriolis couplings. 40 It is worth comparing the present results with those obtained for the near dissociation vibration-rotation states of water, which has a somewhat deeper potential than H 3 ϩ and a fairly similar number of bound states. For water with Jϭ0 a calculation with N 3 ϭ11 520 was found to converge all except the highest six vibrational states to better than 0.1 cm Ϫ1 , 20 almost an order of magnitude better than the similar size calculation for H 3 ϩ . Even more strikingly, the use of M 3 ϭ1152 converged the near dissociation Jϭ2 levels of water to within 0.4 cm Ϫ1 something that could not achieve with an H 3 ϩ calculation based on a Hamiltonian matrix of almost three times the dimension.
IV. CONCLUSIONS
The full quantum mechanical model of the H 3 ϩ , infrared, near dissociation spectrum of Carrington and co-workers [2] [3] [4] has provided a challenge for theory for almost two decades. The calculations we report are the first to attempt full calculations of the rotational states of H 3 ϩ which are thought to be involved in this spectrum. These calculations proved to be at the limit of what was computationally possible to us with the facilities available. However high performance computing facilities are expanding rapidly. We believe the strategy outlined here augmented by developments which allow quasibound rotation-vibration states to be characterized 21 will provide the basis for a full simulation of this challenging spectrum.
A thorough analysis, meaning a complete model of the various experimental predissociation spectra, requires rather more than just energy levels as presented here and in most other quantal treatments of H 3 ϩ at dissociation. Lifetimes play a crucial role in determining what is observed experimentally.
3 Furthermore transitions are excited by a single laser photon and therefore are subject to dipole selection rules. We are currently working on these two aspects of the problem.
